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Abstract— This is the second of two companion papers that 
examine the elastic buckling and post buckling behavior of 
unsymmetric cross-ply laminates. The existence of geometric 
imperfection and thermal mismatch between plies result in 
these panels to retain two equilibrium configurations despite 
being cured in a flat mold. These equilibrium configurations 
conform to cylindrical shapes of orthogonal and opposite 
curvatures. Under externally applied load a panel undergoes 
snap-through behavior from one equilibrium shape to the other. 
The unified finite element methodology based on Koiter’s 
theory and presented in the first companion paper is extended 
to predict the required force responsible for snap-through 
behavior.  Accordingly, ABAQUS, ANSYS and LS-DYNA 
finite element codes are used to predict the critical snap-through 
forces and their predictions are compared.  
Keywords-stability; bistable; snap-through; snap-back; finite 
element; post buckling 
II. INTRODUCTION  
It was observed that a cured thin unsymmetric cross-ply 
laminate will possess two equilibrium configurations. These 
equilibrium configurations conform to two cylindrical shapes of 
equal and opposite curvatures which was initially reported by 
Hyer [1].  The cured panel when triggered it undergoes snap-
through behavior from one equilibrium shape to the other, 
hence called bistable. A panel exhibit this post buckling 
response if it originally possessed large out-of-plane at room 
temperature caused by thermal stresses in its layers. The effect 
of thermal stresses and the existence was originally explained 
and documented by Hamamoto and Hyer [2]. 
Bistable panels found many applications in morphing and 
energy harvesting as discussed in Emam and Inman [3].  It is 
credited to Hyer to present the first analytical solution to predict 
the out of plane deformations of these panels [4]. Based on the 
Principal of Minimum Total Potential Energy PMTPE, Hyer 
developed the extended classical lamination theory (ECLT). 
Later Hyer’s colleagues Dano [5] and Schultz [6] extended the 
ECLT to predict the requirements to trigger snap-through 
behavior using shape memory alloys (SMA) and piezoelectric 
actuators, respectively. Tawfik [7] extended his ABAQUS 
finite element (FE) methodology to predict the force required to 
trigger snap-through behavior in panels with various planforms.  
This methodology was based on Koiter’s theory [8] in 
accounting for geometric imperfections and originally proposed 
by Tawfik et al. [9, 10]. ABAQUS based FE predictions of 
snap-through loads and test results reported in [7] were in good 
agreement. Therefore, the proposed ABAQUS based FE 
methodology proved to be successful predicting post buckling 
behavior. As reported by Emam and Inman [3] many 
researchers worked on the same problem, i.e. triggering snap-
through behavior in bistable panels. Meanwhile, the ABAQUS 
FE methodology proposed by Tawfik [7] proved successful 
application in predicting mechanical force or piezoelectric 
actuators requirements. Moreover, this methodology is 
analytically correct and do not require obtaining any 
measurement of actual imperfection in the manufactured panel. 
Therefore, this methodology possesses potential to be used 
during the design stages of morphing applications.  
The current work targeted generalizing the proposed 
methodology of Tawfik [7] and investigating the applicability 
in wide variety of FE computer codes. Therefore, this proposed 
methodology was consistently applied in commonly used FE 
codes ANSYS and LS-DYNA. The force required to trigger 
snap-through behavior in thin unsymmetric cross-ply laminates 
was predicted by ABAQUS, ANSYS and LS-DYNA. 
Predictions obtained from FE analysis were compared with test 
values and proved to be consistent and in good agreement. 
III. METHODOLGY 
A. Problem definition 
Tawfik [7] and Tawfik et al. [9, 10, 11] were the pioneer in 
investigating the stability of unsymmetric cross-ply laminates 
using Finite Element Analysis (FEA). Utilizing two back to 
back non-linear load-displacement analysis they developed a 
FE based methodology to examine the bistable characteristics 
of thin unsymmetric cross-ply laminates using ABAQUS, a 
commercial FE code, and presented their analysis outcome as a 
load-displacement curve to show that a cured unsymmetric 
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cross-ply laminate is stable in its both equilibrium positions 
which is termed as the bistable behavior. For different 
geometries, forces required to trigger snap-through of such 
bistable laminates were also predicted and compared with test 
measurements. 
This current work is focused on presenting a generalized FE 
based methodology to capture the bistable characteristics of a 
unsymmetric cross-ply laminate under thermal load by 
replicating Tawfik’s ABAQUS [9, 10] work in two other 
commercial FE codes, ANSYS and LS-DYNA, and finally 
comparing their results with Tawfik’s ABAQUS and test 
results. 
B. Description of basic FEA model 
The unsymmetric cross-ply laminate used in this problem 
has a square geometric configuration and it is a thin 
[02 902⁄ ]T laminate of Hexcel IM7/8551-7 graphite/epoxy 
prepreg with mechanical properties provided in Table I. Tawfik 
[7] conducted the convergence study with all the shell elements 
available in ABAQUS element library and ended with the 
selection of S4R as the element type and 20×20 as the mesh 
size for optimal modeling of this problem in ABAQUS. This 
present work will use the same mesh size and the similar types 
of elements in two other FE codes. Table II documents the 
details about the element types used in three different FE codes.  
Tawfik [7] mention that investigation of stability 
characteristics is a subsequent analysis of curing and in FEA 
bistable behavior of a thermally cured unsymmetric cross-ply 
laminate can easily be captured by performing an extra non-
linear load-displacement analysis right after the curing cycle. 
Only the boundary conditions and loading need to be changed 
during this extra step. During the first step, the curing cycle, 
center point of the laminate geometry is kept fixed in all degrees 
of freedom and the applied load is a temperature drop with a 
magnitude of  156 oC. During the second step,  for analyzing 
stability characteristics, temperature of the cured shape is kept 
constant at  -156 oC and the center point of the cured shape is 
kept free only in z-direction while the four corners are kept free 
in all degrees other than the z-direction.  A concentrated force, 
P, with a value higher than the snap-through load is applied 
along the z-direction at the center point as displayed in Fig. 1. 
 
 
Figure 1. ABAQUS model at different stages of analysis showing the 
corresponding shapes, boundary conditions and applied load; a) at 
the beginning of first step b) at the beginning of the second step c) at 
the end of the second step. 
 
TABLE I. MECHANICAL PROPERTIES OF MATERIAL AS REPORTED IN KIM 
[12] AND ALSO USED BY TAWFIK [7]. 
Material 
E11 
(GPa) 
E22 
(GPa) 
G12 
(GPa) 
ν12 
α1 
(10-6/oC) 
α2 
(10-6/oC) 
t 
(μm) 
IM7/8551-7 
graphite/epoxy 
prepreg 
146.1
4 
8.472 3.879 0.341 0.30 30.98 138.75 
 
TABLE II.  ELEMENT TYPES IN FE CODES. 
FEA code 
Element 
name 
Element 
type 
Number 
of DOF* 
Description 
ABAQUS 
[13] 
S4R 
Shell 
element 
6 
A four-node general-
purpose finite-membrane-
strain shell with reduced 
integration for hourglass 
control 
ANSYS 
[14] 
Shell 181 
Shell 
element 
6 
A four-node thin to 
moderately-thick shell 
with both full and reduced 
integration schemes 
LS-DYNA 
[15] 
Type 16 
Shell 
element 
6 
A four-node fully 
integrated thin shell with 
assumed strain 
interpolation and available 
hourglass control option 
*Degrees of freedom 
 
Fig. 1 shows the ABAQUS model and its geometric shapes at 
different stages of the stability analysis. It also illustrates the 
corresponding boundary conditions and applied loads 
associated with those stages. 
 
C. Notations ued by Tawfik and Tawfik et al. 
Tawfik [7] and Tawfik et al. [11] used some important notations 
to describe the stability characteristics of a thermally cured 
bistable unsymmetric cross-ply laminate. 
 First equilibrium shape: Laminate’s shape when the 
larger curvature is along the x-axis, Fig. 2a. 
 Second equilibrium shape: Laminate’s shape when the 
larger curvature is along the y-axis, Fig. 2b. 
 Snap-through: Forcing a laminate to snap from first 
equilibrium shape to the second equilibrium shape, 
Fig. 2a. 
 Snap-back: Forcing a laminate to snap from the second 
equilibrium shape to the first equilibrium shape, Fig. 
2b. 
 
Figure 2. Triggering snap-through in cylindrical panel via concentrated 
force [7, 11]. 
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D.  Snap-through and snap-back analysis with ABAQUS 
Tawfik [7] and Tawfik et al. [9, 10] showed that snap-
through and snap-back can be captured in ABAQUS using 
following steps 
 Eigenvalue buckling analysis of the perfect geometry 
using the *BUCKLE keyword to get the eigenmodes.   
 Introduce imperfections into the geometry using 
*IMPERFECTION keyword. 
 Non-linear load-displacement analysis of the 
imperfect geometry using the *STATIC, STABILIZE 
keyword to get the cured shape. 
 A second non-linear load displacement analysis of the 
cured shape using *STATIC, STABILIZE keyword to 
capture the snap-through and snap-back. 
Among these four steps, first three are for obtaining the 
cured shape while the fourth step is for snap-through and snap-
back of that cured shape [7, 9, 10]. 
The second non-linear load-displacement analysis in 
Tawfik’s [7, 9] two-step FE methodology was pursued by 
performing the following sub steps 
 Boundary condition of the cured shape was reset such 
that the center point of the panel was free only in z-
direction and the four corner points were free in all 
degrees other than the z-direction. 
 A concentrated force, P, higher than the snap-through 
load was applied at the center point along the z-
direction such that it tended to switch the curved 
laminate to its second equilibrium shape. 
 As the laminate switched to its second equilibrium 
shape the applied load was removed to make sure that 
the retained shape was stable. 
 After the second equilibrium position was found force, 
P, was applied again along the z-direction such that it 
tended to switch the panel to its first equilibrium 
shape. Boundary conditions were kept unchanged. 
 As the laminate switched back to its first equilibrium 
shape the load was removed once again to make sure 
that this retained shape was stable. 
Further, for modeling of the snap behavior in LS-DYNA 
and ANSYS Tawfik’s two-step methodology will be followed 
as a guideline. 
 
E. Snap-through and snap-back analysis with LS-DYNA 
With LS-DYNA snap behavior of cured bistable 
unsymmetric laminate can easily be captured as follows 
 Eigenvalue buckling analysis of the perfect geometry 
using the *CONTROL_INPLICIT_EIGENVALUE 
[15] keyword.   
 Introduce imperfections into the geometry using 
*PERTURBATION_NODE [15] keyword. 
 Non-linear load-displacement analysis of the 
imperfect geometry to capture the cured shape using 
the *CONTROL_IMPLICIT_STABILIZATION [15] 
keyword. 
 A second non-linear load displacement analysis of the 
cured shape to capture the snap-through and snap-back 
using *CONTROL_IMPLICIT_STABILIZATION 
keyword. 
Like ABAQUS the first three steps are for obtaining the 
cured shape and the fourth one is for snap-through and snap-
back of that cured shape. 
 
F. Snap-through and snap-back analysis with ANSYS 
Unlike ABAQUS and LS-DYNA solving snap-through and 
snap-back in ANSYS require following steps 
 Static analysis step to get an initial deformation that is 
going to be used in the Eigen buckling analysis.  
 Following is the eigen buckling analysis to generate 
the 1st eigenmode under thermal loading using any 
available eigensolver. 
 Based on extracted eigenmode shape, the geometry of 
the model is to be perturbed using a required 
imperfection size. The command UPCOORD [14] is 
used to introduce the imperfection.  
 The next step is to solve a non-linear analysis of the 
imperfect geometry using STABILIZE [14] command 
to get the cured shape. 
 A second non-linear load displacement analysis of that 
cured shape using STABILIZE [14] command. 
First four steps are for obtaining the cured shape and the 
fifth one is for snap-through and snap-back of that cured shape. 
 
G. A unified Finite Element Analysis methodology 
Successful implementation of Tawfik’s ABAQUS based FE 
methodology in ANSYS and LS-DYNA can be summarized as 
follows 
 Modeling snap-through and snap-back to investigate the 
stability characteristics of a bistable unsymmetric cross-ply 
laminate in any FE code requires two back to back analysis 
 1st analysis is for obtaining the cured shape of that 
unsymmetric cross-ply laminate. 
 2nd analysis is the non-linear load displacement 
analysis of that cured shape to obtain the snap-through 
and snap-back. 
Tawfik [7] and Tawfik et al. [9, 10,11] first came up with this 
two-step FE methodology and can be used as a unified guideline 
for studying stability characteristics of a bistable unsymmetric 
cross-ply laminate in any FE code, like LS-DYNA or ANSYS. 
IV. RESULTS AND DISCUSSION 
Fig. 3 shows the comparison of load-displacement curves 
extracted from ABAQUS, ANSYS and LS-DYNA illustrating 
that they are in good agreement. 
Fig. 4 shows the two equilibrium shapes of a bistable 
laminate extracted from ABAQUS, while Fig. 5 and Fig. 6 
display the equilibrium shapes solved by ANSYS and LS-
DYNA respectively. 
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Figure 3. Load-displacement curve for a 150×150 mm2 cured laminate 
made of Hexcel IM7/8551-7 graphite/epoxy prepreg with  [02 902⁄ ]T 
stacking. 
 
 
 
Figure 4. a) First equilibrium shape and b) Second equilibrium shape 
extracted from ABAQUS. 
 
 
 
 
Figure 5. a) First equilibrium shape and b) Second equilibrium shape 
extracted from ANSYS. 
 
 
Figure 6. a) First equlibrium shape and b) Second equilibrium shape 
extracted from LS-DYNA. 
 
TABLE III. EXPERIMENTAL AND FE SNAP-THROUGH LOADS OF SQUARE 
SPECIMENS 
Sidelength [7] 
(𝐦𝐦 × 𝐦𝐦) 
Test [7] 
P (N) 
ABAQUS [7]  LS-DYNA ANSYS 
P (N) % P (N) % P (N) % 
151×150 9.61 8.72 -9.29 8.69 -9.50 8.76 -8.84 
123×125.5 8.90 8.15 -8.46 8.19 -7.87 8.06 -9.44 
100×101 8.09 7.54 -6.76 7.49 -7.29 7.20 -11.00 
87×88 5.11 4.93 -3.46 5.09 -0.21 4.82 -5.68 
67×67 2.75 2.7 -1.81 2.69 -1.84 2.68 -2.55 
 
 
TABLE IV. EXPERIMENTAL AND FE SNAP-BACK LOADS OF SQUARE 
SPECIMENS 
Sidelength [7] 
(𝐦𝐦 × 𝐦𝐦) 
Test [7] 
P (N) 
ABAQUS [7]  LS-DYNA ANSYS 
P (N) % P (N) % P(N) % 
151×150 10.39 9.42 -9.36 9.49 -8.63 9.48 -8.76 
123×125.5 10.06 9.25 -8.02 9.29 -7.61 9.50 -5.57 
100×101 8.27 7.75 -6.35 7.69 -6.89 7.68 -7.13 
87×88 6.12 5.37 -12.27 5.53 -9.61 5.22 -14.71 
67×67 4.45 2.97 -33.26 3.05 -31.37 2.78 -37.53 
 
Tawfik [7] also studied the effect of geometry on the stability 
characteristics by changing the sidelength of thin [02 902⁄ ]T 
square laminate and documented the snap-through and snap-
back loads comparing the ABAQUS predictions with the test 
measurements. Table III shows the snap-through loads 
predicted in this present work by LS-DYNA and ANSYS while 
table IV shows the snap-back loads. These two tables also 
illustrate the percentage differences in predictions from these 
three FE codes while compared with the test measurements, 
where all the test measurements and ABAQUS results are from 
Tawfik [7]. ABAQUS, ANSYS and LS-DYNA all are in good 
agreement with the test measurements which proves the 
generality of that two-step FE methodology developed by 
Tawfik [7] and Tawfik et al. [9, 10, 11]. 
V. CONCLUSION 
The current work addressed post buckling behavior in thin 
unsymmetric cross-ply laminates and stability characteristics. 
An analytically correct methodology is obtained from literature 
and applied in commonly used finite element computer codes, 
ABAQUS, ANSYS and LS-DYNA. Critical forces required to 
trigger snap-through behaviour in thin unsymmetric cross-ply 
laminated were compared with test measurement and found to 
be in good agreement. Therefore, the adopted analytically 
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correct methodology proved generality and recommended for 
analysis and design of unsymmetric composites morphing 
applications. 
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